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Effects of topography on the cumulative mixing
efficiency in exchange flows
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[1] Buoyancy-driven, hydraulically controlled two-layer exchange flows were established
in a laboratory flume with a lateral constriction and a bottom sill placed at its midpoint.
The shear flow was unstable within the constriction, and the overall amount of
turbulent mixing was determined from measurements of vertical density profiles after
the exchange. The potential energy changes are used to evaluate the mixing efficiency
(or flux Richardson number), defined as the fraction of the available potential energy
released into kinetic energy that is converted to potential energy through irreversible
mixing. Mixing efficiencies asymptote at large Reynolds numbers to values of 8% for

a sill with sloping sides and 11% + 1% for both a weir with vertical sides and the same
constriction with no bottom topography. The latter is identical to the value previously
reported for shorter, smoothly varying lateral constrictions. Thus, all controlled exchanges
examined here undergo less mixing than implied by the commonly assumed maximum
turbulent mixing efficiency of 20%, and the actual efficiency is insensitive to the form of
the topography. This result implies that calculations of the global energy balance of the

ocean may need to be reevaluated.

Citation: Prastowo, T., R. W. Griffiths, G. O. Hughes, and A. M. Hogg (2009), Effects of topography on the cumulative mixing
efficiency in exchange flows, J. Geophys. Res., 114, C08008, doi:10.1029/2008JC005152.

1. Introduction

[2] The relationship between energy input and the con-
sequent amount of mixing is fundamental to understanding
and modeling any turbulent stratified shear flow. Vertical
mixing plays an important role in lake and estuary dynamics,
and it is thought to be an important factor governing the
strength of the global meridional overturning circulation of
the oceans and the magnitude of the abyssal density stratifi-
cation [Munk and Wunsch, 1998]. In the case of the global
overturning circulation, both the amount of mixing required
and the available energy input are poorly known [Wunsch
and Ferrari, 2004]. More generally, the input power required
to sustain a given rate of mixing in a stratified flow is
uncertain. Here we use laboratory experiments with hydrau-
lically controlled, buoyancy-driven exchange [Farmer and
Armi, 1986] to examine mixing in stratified shear flows.
These flows capture much of the essence of exchange flows
common in the oceans, where straits or sills control the
exchange of waters of differing densities between adjacent
ocean basins or across abyssal topographic barriers, and
where much mixing occurs [Bryden and Nurser, 2003].
Significantly, for this class of flows it is possible in the
laboratory to make accurate measurements of both energy
input and the cumulative amount of irreversible mixing
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[Prastowo et al.,2008]. The results will also be more broadly
relevant to shear-generated turbulent mixing.

[3] An important quantity characterizing stratified turbu-
lent mixing is the mixing efficiency. This is variously
defined. For stably stratified flows a common definition of
efficiency is the fraction of the kinetic energy supplied to
turbulence that is irreversibly converted into potential energy
of the density field, the remainder being dissipated by
viscosity [Caulfield and Peltier, 2000; Peltier and Caulfield,
2003]. This efficiency is equivalent to the flux Richardson
number Riy, the ratio of the vertical buoyancy flux to the
rate of production of turbulent kinetic energy by shear, if
the buoyancy flux is entirely irreversible. For stably strat-
ified shear flows Ri,> 0. An alternative definition of mixing
efficiency is I' = Ris/(1 — Riy), which represents the ratio of
energy used for irreversible mixing relative to that dissi-
pated by viscosity. Osborn [1980] proposed an asymptotic
value of I' =~ 0.18 (usually rounded to 0.2) as the upper
bound, derived from a critical Riy of 0.15 [Ellison, 1957]
above which the turbulence cannot be sustained. This
approximate upper bound is supported by laboratory experi-
ments, which show that the mixing efficiency depends on
turbulence Reynolds number and Froude number [/vey and
Imberger, 1991; Ivey et al., 2008] or Richardson number
[Linden, 1979, 1980], but has a maximum value Riy < 0.25
for shear generated mixing, Rir < 0.12 for turbulence gener-
ated by an oscillating grid [Linden, 1979], or an asymptote
of Rir ~ 0.20 at sufficiently large turbulence Reynolds
numbers for internal wave breaking on a slope [Ivey and
Imberger, 1991]. Similar mixing efficiencies have been
inferred from measurements in the upper ocean [Gargett
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and Moum, 1995; Moum, 1996; Ruddick et al., 1997].
Although mixing efficiencies can be much smaller than
these values, the upper bound (commonly taken as Riy ~
0.2) has been used as an estimate of the average efficiency of
turbulent mixing in the oceans for the purpose of estimating
the total power input required to achieve a designated rate
of mixing in the interior of the ocean [Munk and Wunsch,
1998; Webb and Suginohara, 2001; Wunsch and Ferrari,
2004; St. Laurent and Simmons, 2006].

[4] Recent laboratory experiments [Monti et al., 2007,
Patterson et al., 2006] have demonstrated that individual
turbulent events associated with the growth and collapse of
Kelvin-Helmholtz billows lead to time-dependent mixing,
with the mixing efficiency approaching an asymptotic value
at large times. Numerical simulations of the full life cycle
of a Kelvin-Helmholtz billow during a transition from a
laminar to a fully turbulent state [Caulfield and Peltier,
2000; Peltier and Caulfield, 2003] similarly show that the
instantaneous mixing efficiency Rir evolves and that, at
late times, the time-averaged mixing efficiency approaches
a value of 0.15. The averaged, or cumulative, mixing effi-
ciency is the measure of greatest interest in geophysical
applications.

[5s] Other studies [Stigebrandt and Aure, 1989; Arneborg,
2002] have suggested that even smaller efficiencies, Riy ~
0.1, are possible. In particular, when a turbulent mixing
event generates a patch of mixed water in an initially linearly
stratified ambient, the mixed water eventually spreads later-
ally to reach an equilibrium state. Arneborg [2002] defined
the small-scale flux Richardson number (~0.2) to charac-
terize the localized mixing within the turbulent patch, and a
overall flux Richardson number to describe the whole
mixing process. In the final state the irreversible increase
in potential energy attributable to mixing is approximately
one half of the increase calculated for the localized patch.
Hence the overall flux Richardson number based on this
final potential energy increase is approximately 0.1.

[6] In recent laboratory experiments with density-driven
exchange between two reservoirs Prastowo et al. [2008] have
demonstrated that it is possible to make accurate measure-
ments of both the amount of shear-induced turbulent mixing
and the energy available to turbulence. In the experiments,
fluids of different densities were allowed to exchange
through a lateral constriction after a barrier between two long
reservoirs was removed. The flows were hydraulically con-
trolled, strong vertical shear generated Kelvin-Helmholtz
billows and an interfacial mixing region in the contraction,
and the resulting mixed water was advected into the two
reservoirs. By replacing the barrier to shut off the exchange
flow before bores reflected from the far end walls, attention
could be restricted to steady mean flow conditions in the
mixing regions. The ratio of potential energy increase due to
mixing, to the available potential energy released, was found
to asymptote to a well-defined constant value of 0.11 + 0.01
at large Reynolds numbers. This quantity is the cumulative
mixing efficiency.

[7] Here we extend the methodology of Prastowo et al.
[2008] to cases with bottom topography in the form of sills
placed at the midpoint in the length of the lateral constric-
tion. The mean flows are again steady and hydraulically
controlled. The experimental methods, measurements and
analysis techniques have been reported elsewhere and are
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therefore reviewed only briefly in section 2. We then
compare measured mixing efficiencies for flow over topog-
raphy with those for flows through simple lateral constric-
tions with no bottom topography.

2. Experimental Apparatus and Method
2.1. Apparatus

[8] The experiments used the same tank and apparatus of
Prastowo et al. [2008]. A long channel of length L =5.26 m
and width B = 0.2 m, was divided into two equal reservoirs
by placing a smoothly varying constriction and a removable
sliding barrier at its midpoint (Figure 1). Prastowo et al.
[2008] reported results for four different constrictions with-
in which the channel width was decreased but there was no
bottom topography. For sufficiently large Reynolds num-
bers the measured mixing efficiencies were not dependent
on the constriction ratio by/B (b the minimum constriction
width), the water depth H or the length L. of the constric-
tion. Here we chose the longest of those lateral constrictions
(Figure 1a), having curved walls at its exits and a straight,
parallel-sided central section of width 0.06 m and length
0.5 m (the total constriction length L. was 1.0 m). One of two
different sills was placed at the midpoint of the constriction:
a triangular sill with sloping sides (0.5 m long and 0.1 m
high; Figure 1b), or a vertical weir (0.02 m thick and 0.1 m
high; Figure 1c). Each sill was uniform across the constric-
tion width.

[9] For each experiment, the tank was filled with fresh-
water to depth 0.2 m. The sliding vertical barrier was then
inserted at the central point of the constriction, meeting the
top of the sill. A density difference across the barrier was
created by dissolving a measured mass of salt into one
reservoir (the right hand side in the images shown in this
paper). For flow visualisation, the two solutions were dyed
with different colors. Both reservoirs were stirred thoroughly
to ensure homogeneity in density. The free surface heights
were subsequently adjusted to give equal hydrostatic pres-
sures at middepth, so as to achieve a purely baroclinic
exchange. The exchange flow was initiated by the smooth
and rapid removal of the barrier from the water over a period
lasting approximately 1 s. The barrier was rapidly reinserted
into the channel at a time when the resulting gravity currents
had nearly reached the end walls of the tank, thus ensuring
that the finite length of the channel had no influence on the
flow in the vicinity of the constriction. Run durations ranged
from 15 s to 147 s. In other runs not detailed here, the
exchange flow was stopped at various times before and after
the initial gravity currents had reached the end walls. In cases
where the barrier was replaced after the reflected waves from
the end walls had arrived back at the constriction, the mean
flow through the constriction became unsteady and was
substantially modified by the interactions.

2.2. Measurement Techniques

[10] Before starting each exchange flow the initial densi-
ties of the fresh and saltwater reservoirs were sampled and
measured in an Anton Paar digital density meter. The initial
positions of the free surface in the fresh and saltwater
reservoirs were determined (to within £0.01 mm) using a
digital micrometer gauge with an attached upward pointing
needle point immersed in the water.
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Figure 1. Experimental apparatus showing (a) the planform of the long lateral constriction and the

geometry of (b) the triangular sill and (c) the weir.

[11] After the exchange flow was stopped the water was
left to stand for at least 2 h, which was long enough for all
long waves to die away but too short for diffusion of salt
to affect the density distribution on length scales greater
than 3 mm. During this time the top of the tank was sealed
to minimize evaporation. Density profiles were measured
by taking 20 samples from each reservoir using a rake of
hypodermic sampling tubes spaced vertically at 10 mm
intervals throughout the water depth. The density of each
sample was measured using the digital density meter to a
precision of 1073 kg m . The final free surface positions
were also measured, as these were required in calculations
of the final potential energy.

2.3. Experimental Conditions

[12] Prastowo et al. [2008] reported 30 experiments with
shorter constrictions of various widths and nine runs with
the same long constriction used here, but with no bottom
topography. We carried out nine new experiments with the
triangular sloping sill and six runs with the vertical weir.
The relevant variables are the reduced gravity g’ = gAp/p,
(where g is acceleration due to gravity, Ap/p, = (p2 — p1)/p>
is the fractional density difference and p, and p, are the initial
densities of the fresh and saltwater reservoirs, respectively),
the total water depth H, the minimum constriction width b,
the constriction length L, the sill height 4, and the kinematic
viscosity v.

[13] The important dimensionless parameters that govern
the flow are the flow aspect ratio L./H, the contraction

aspect ratio b,/B, the fractional sill height i&/H and a
Reynolds number. Prastowo et al. [2008] argued that the
most appropriate Reynolds number is one based on the
length of the constriction, which is the length scale for flow
acceleration. For a constriction with no bottom topography
the velocities are approximately 0.5(g’H)"* and we define
the “horizontal Reynolds number”

0.5(¢'H)" L,
V .

ReL =

(1)

Given that the previous work examined the effects of
constriction width and length, and water depth for the case
of no topography, we here concentrate on the effects of
topography. We vary only the density difference Ap and
topography shape. The horizontal Reynolds number for
runs with the long constriction with no topography lay in
the range 2.0 x 10* < Re; < 1.5 x 10°. For runs with sills
the fractional sill height was fixed at 0.5 and the constriction
ratio was fixed at 0.30. The flow speed over the sills is
assumed to scale with 0.5(¢g’H/2)"?, as the water depth over
the sill was H/2. For sill exchanges we use the horizontal
Reynolds number Re; = 0.5(g’H/2)"*L /v.

2.4. Analysis

[14] The density profiles p'i(z) and p’5(z) measured after
the exchange flow can be used with conservation of the
mass of salt to derive expressions for the mass exchanged
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Figure 2. Representations of the density distributions in
(a) the initial state, (b) the final state, and (c) the hypothetical
nonmixing state.

(see section 4), the change in potential energy and the
mixing efficiency. For the initial state with two homogeneous
solutions of different density (Figure 2a), the gravitational
potential energy of the water masses is given by

ohy ~hy
P—g / dpyzds+ g / Apyzdz, (2)

where 4 and /i, are the initial free surface heights of the
fresh and saltwater reservoirs, respectively, above the base
of the reservoirs at z = 0 and 4 is the horizontal cross section
of each reservoir, which may be either uniform or dependent
on height. The hypsometry of the topography, 4(z), must be
taken into account in calculations.

[15] In the final state after the exchange flow and mixing
have occurred (Figure 2b), the gravitational potential energy
can be calculated from the measured density distribution in
each reservoir,

"

Iy
Py :g/o lAp’l(z)zdz—ﬁ—g/O Apy(2)z dz, (3)

where /’; and /’, are the final free surface heights.

[16] In order to characterize the effect of mixing, we
define the hypothetical final state that would be present if
there had been no mixing during the exchange (but the
same mass was transported). The potential energy of the
actual final state (3) is greater than that of the hypothetical
unmixed state. This hypothetical state is obtained by notion-
ally redistributing the measured total amount of salt within
each reservoir into fresh and saltwater layers of densities p;
and p, (Figure 2c). The required thicknesses of the fresh
and saltwater layers in each of the reservoirs for this state
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are h; (i =1, 2) and h; (i = 1, 2), respectively, where A,
and hy are given by

1
P2 = P1

h,
o = | e =) @)

We assume that the equation of state is linear, so that the total
volume of the two reservoirs is constant and /; = Wi — hg,
where /'; is the measured final water depth. The potential
energy of the hypothetical state is given by

Iyt 4
Py :g/O Apzzdz—ﬁ—g/h Ap zdz
s1

hy h’z
+g/ Apzzdz+g/ Ap,zdz. (5)
0 hy

[17] The amount of mixing, as measured by the resultant
increase in potential energy AP,,, is

APm:Pffph- (6)

The amount of available potential energy AP, released from
the initial state into the exchange flow is the difference
between the initial and hypothetical final (unmixed) states:

AP, = P; — P,. (7)

[18] We define the mixing efficiency as that fraction of
the available potential energy released to kinetic energy of the
flow that is subsequently transformed irreversibly to increase
the potential energy of the final density distribution above
the hypothetical unmixed state. The efficiency 1 becomes

AP,  Pr—P,
AP, Pi—P, ()

n

This definition (8) represents the overall efficiency with
which mixing draws on the initial available energy, noting
that AP, is the total mechanical energy supplied.

3. Qualitative Observations

[19] After the barrier was removed, the exchange flow
over the triangular sill was characterized by turbulent billow
growth on the density interface and extensive mixing
between the layers (Figure 3). Billows initially grew along
the entire length of the constriction. The initial transient stage
of the flow within the constriction took only about 5% of
the total time allowed for the exchange. During this period
the gravity current heads passed out of the constriction,
stationary hydraulic jumps developed, the first generation
of billows in the constriction grew and collapsed, and the
interface reached a steady mean shape.

[20] When the flow had reached its quasi-steady condition
(Figures 3c and 3d) billows were concentrated at the crest of
the sill (where the two layers had equal depths), in the
downslope flow region on the left hand side of the constric-
tion, and in the expansion region at the far right hand end.
These are the regions of flow acceleration, as indicated by the
greater slope of the density interface. Along the region of
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(b)

(e)

Figure 3. Photographs of the development of an exchange flow over the triangular sloping sill in an
experiment with H = 0.2 m, Ap/p, = 1.9%; Re; = 6.7 x 10%; total duration of exchange flow 47 s. The
vertical lines through the depth denote the extent of the constant width portion of the long lateral
constriction, and the field of view is slightly wider than the total length of the constriction. Taken at times
of (a) 2, (b) 6, (c) 19 and (d) 32 s, respectively, after withdrawal of the barrier. (¢) Taken 54 s after
replacing the barrier and showing the maximum runup on the slope of the bore reflected from the far left
hand end of the channel. Figures 3¢ and 3d show the steady mean flow that represents most of the

exchange period.

constant width to the right of the sill, the interface had a
fixed slope that to first order reflected a balance of buoy-
ancy and friction. At the larger Reynolds numbers there was
continuous small-scale turbulence at the interface along the
full length of the constriction (Figure 4a). In the experiments
with smaller Reynolds numbers (Figure 4c) the billows and
small-scale turbulence were more intermittent, and the mix-
ing appeared to be relatively weak. In all cases the mixed
water was continually carried away from the constriction
into the two reservoirs. There were no billows along the

stratified region above the gravity currents in the reservoirs,
but there were billows on the head of each gravity current.
[21] After the barrier was reinserted, the gravity currents
were reflected from the far ends of the channel as large-
amplitude interfacial waves that involved no visible signs of
further active mixing. When these waves arrived at the
constriction they were reflected from the (now reinserted)
barrier with a minor amount of overturning and stirring.
Subsequently the wave motions caused no additional stirring
of any consequence and all motions slowly decayed away.
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Figure 4.

Images of flow through the constriction and over a triangular sloping sill for several different

density contrasts, all with H=0.2 m: (a) Ap/p, =7.9% and Re; = 1.39 x 10’ (run duration 20 s); (b) Ap/p, =
1.9% and Re, = 6.7 x 10% (c) Ap/p, = 0.7% and Re; = 4.2 x 10* (run duration 84 s). All images

were taken while the mean flow was quasi-steady.

[22] In experiments with a vertical weir, the less dense
fluid moved along the upper surface into the right reservoir
while the dense fluid formed a jet that overshot and fell to
the bottom on the left of the weir (Figure 5). The flow was
accelerated on both sides of the weir in the exit regions of
the constriction. Billows continually formed and overturned
in these exit regions, collapsing into the mixed layer at
the interface as they were advected past the end of the
constriction.

[23] Experiments without topography are shown for com-
parison in Figure 6. These flows appear to be generally
symmetric, with active turbulence along the length of the
straight channel (where the constant interface slope here is
primarily controlled by frictional effects). Acceleration of
the layers occurs in the region where the channel width
changes; the flow is subcritical beyond a hydraulic jump
(which lies near the edges of the field of view in Figure 6).

4. Measurements

[24] Measurements of the free surface heights of the
reservoirs before and after the exchange flows showed that
the total volume of fluid in the reservoirs was conserved to
within 0.01%. Control experiments reported by Prastowo
et al. [2008] confirmed that the effects of the nonlinear
equation of state lay within the uncertainty of the results
reported below. Hence, we have assumed in all calculations
that the density depends linearly on salinity.

[25] Examples of the final vertical profiles of density in
each reservoir are plotted in Figure 7 for cases with the

constriction and no bottom topography, the triangular sill
and the weir. In each case the depth is normalized by the
water depth and the density is normalized by the initial
difference between reservoirs, and set to zero at the water
surface. Once normalized in this way the profiles are approx-
imately independent of the initial density difference and
Reynolds number, as expected from the ideal hydraulic
prediction (see below). There are significant differences
between the profiles for a constriction alone and cases with
a sill, primarily reflecting the change in mass transport. There
is little difference in the right hand reservoir between those
experiments with the two different sills. However, there are
measurable differences between the profiles in the left
reservoir for the weir (Figure 7c) and the triangular sill
(Figure 7b), particularly close to the bottom boundary.
These differences indicate that mixing is slightly greater in
the left reservoir for the triangular sill case. We will further
examine this asymmetry below, after first discussing the total
amount of mixing in the channel.

[26] The focus of most work on strait and sill flows has
been the rate of mass exchange. A lynch pin has been
hydraulic theory for ideal two-layer flows having no mixing
or friction, and from which the maximal mass transport
through a contraction is predicted to be [e.g., Ivey, 2004]

1
Mmax = Z Apbog’1/2H3/27 (9)

where g = gAp/p. For exchange over a sill, (9) applies
but with H replaced by the water depth over the sill
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Figure 5. Images of flow through the constriction with a vertical-sided sill for several different density
contrasts, all with = 0.2 m: (a) Ap/p, =9.4% and Re; = 7.6 X 10%; (b) Ap/p, =4.8% and Re; = 5.4 x
10%; (c) Ap/p>=0.7% and Re, = 2.0 x 10*. All images were taken while the mean flow was quasi-steady.

Figure 6. Images of flow through the long constriction for several different density contrasts, all with
H=02m: (a) Ap/p = 9.2% and Re; = 2.12 x 10° (run duration 16 s); (b) Ap/p, = 3.0% and Re, =
1.20 x 10°; (¢) Ap/pr = 0.7% and Re; = 5.8 x 10* (run duration 60 s). All images show the quasi-steady
stage of the exchanges.
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Figure 7. Profiles of the normalized density (p(z) — p1)/
(p2 — py) after exchange flows, plotted against normalized
height z/H for (a) the long constriction with no bottom
topography, (b) the triangular sloping sill, and (c) the
vertical weir. (left) Profiles in left reservoirs and (right) right
reservoirs. Results in each case are plotted for three or four
runs with different fractional density contrasts: In Figure 7a,
Aplpy = 0.7% (dotted line), 1.9% (solid line), 3.0% (dashed
line) and 4.8% (dash-dotted line); in Figures 7b and 7¢, Ap/
p> = 0.7% (dashed line), 3.0% (dash-dotted line) and 9.5%
(solid line). All cases had H = 0.2 m.

crest. The corresponding baroclinic volume exchange rate
is Qmax = Mmax/Ap'

[27] In the present experiments the net mass transport is
readily obtained from the cumulative exchange during the
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period the barrier is open, determined from the density
changes in each reservoir, divided by the flow duration #,:

i
M= / AE) (P2~ ) de. (10)

Prastowo et al. [2008] reported that transport through short
constrictions is 82% of the theoretical maximum while that
through the long constriction used in the present experi-
ments is 70% (£1%) of My.«. Both results were independent
of Re;. Transport was also predicted to be reduced to 83%
by mixing between the layers, and the remainder of the
measured reduction was attributed to friction [see also
Winters and Seim, 2000; Gu and Lawrence, 2005].

[28] Plots of M/ M.« (Figure 8) show that this quantity
remains independent of Reynolds number Re; for sill
exchanges, even at the smaller Reynolds numbers. The
measured normalized net mass transport over the weir is
M o/Myax =0.74 £ 0.01 and for the triangular sill is M /M.« =
0.72 + 0.01. The uncertainties in the measured transports
are predominantly a result of the uncertainty in the exper-
imental run time (+0.5 s in each case). These values are both
significantly smaller than the transport predicted with mixing
in the absence of friction, but slightly larger than that
measured for the same long constriction, in which friction
has a significant role. Recalling that the water depth H/2
over the sill replaces H in the expression for the maximal
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Figure 8. The normalized baroclinic mass transport as a
function of the horizontal Reynolds number for the con-
striction with no bottom topography (open triangles), the
weir (solid squares), and the sloping sill (solid circles). Data
for the shorter, smoothly varying constriction with no bottom
topography reported by Prastowo et al. [2008] (open circles)
are included for comparison, along with the upper bound
(upper solid line) predicted in that paper. Other lines show
the mean values for each class of topography.
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Figure 9. The measured mixing efficiencies 7 as a function
of the horizontal Reynolds number Re;. Data for the long
constriction, no bottom topography (open triangles), and
short constrictions, no bottom topography (open circles) are
compared with sill experiments: weir (solid squares); trian-
gular sloping sill (solid circles). Solid lines are the average
values for Re; > 5 x 10%, the lower line for triangular sill
runs and the upper line for all other runs.

transport (9) in the case of a sill, so that the transport is
substantially smaller for a sill, we conclude that friction and
mixing together lead to slightly less reduction of the normal-
ized transport when a sill is added to a constriction, than they
do in the case of a constriction with no topography.

5. Mixing Efficiency

[20] The calculated mixing efficiencies (8) for all runs are
plotted in Figure 9. Here we show cases without topography
using open symbols: the triangles show data from the longer
constriction, while circles are from short channel experi-
ments. The solid symbols are from experiments with bottom
topography.

[30] The two cases without topography overlay accurately
throughout the range of Reynolds number, and show that
there is no dependence of the mixing on the length of the
constriction. When plotted as a function of the depth-based
Reynolds number instead of Re;, the data from different
constrictions do not collapse onto the same curve at the
smaller Reynolds numbers. However, in either case it is clear
that a constant mixing efficiency is reached at large values of
the Reynolds number, making the choice of external param-
eter unimportant. From the combined data we determine the
asymptotic cumulative efficiency to be = 0.108 + 0.01
(mean deviation) for Re; > 5 x 10*. This value for the
efficiency includes a contribution from molecular diffusion
during the 2 h allowed for motions to decay before density
profiles were measured. However, diffusion is estimated
theoretically (considering the extreme case of a density step)
to have added much less than 0.005 to the result, hence is
negligible compared with the random errors from other
causes.

[31] The efficiencies for exchange flows over sills are also
shown on Figure 9 using solid symbols. For the triangular
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sill (solid circles) the efficiency again increases with Re;
and reaches a constant asymptote, again at Re, > 5 x 10%.
However, the asymptotic value = 0.084 + 0.003 is slightly
smaller than that with no bottom topography. We examined
the uncertainty of these results by repeating a run with all
conditions as identical as possible, and obtained a difference
of 0.002 in the calculated efficiencies, which is comparable
to the standard deviation +0.003 of all the measurements at
large Re;. For the vertical weir (solid squares) the mixing
efficiencies fall accurately on the same curve as those for no
bottom topography, and reach the same asymptotic value,
n=0.109 at Re; > 5 x 10*. Hence the presence of bottom
topography does not necessarily play any role in influencing
the amount of mixing. The smaller mixing efficiencies found
for the triangular sill will be discussed below.

6. Discussion

[32] All of the exchange flows show different amounts of
mixing in the left and right hand reservoirs. The contribu-
tion of each reservoir to the overall mixing efficiency in the
flow cannot be identified because the amount of available
potential energy released, AP, (the denominator in (8)),
cannot be unambiguously defined for each of the reservoirs
separately. It is also not known how much kinetic energy
was produced in each reservoir. However, the amount of
mixing (6) in each reservoir can be evaluated. The mixing
P, and P,, in the left and right reservoirs, respectively, are

4 hsi "
Py, :g/ Ap’l(z)zdz—g/ ApZZdz—g/ Apizdz  (11)
Jo 0

hst

and

i, o )
Py, :g/o Ap’z(z)zdz—g/o Apzzdz—g/ Apyzdz,  (12)

52

where the variables are those defined in section 2.4.

[33] In Figure 10 we plot the average of the ratio P, /P,
over all runs having Re; > 5 x 10 for each of the con-
striction and sill geometries used in the present experiments
and by Prastowo et al. [2008]. All cases (with the possible
exception of the runs with the sloping sill) were asymmetric,
such that there was a smaller amount of mixed water in the
left reservoir, where the denser water intruded as a current
against the rigid base, than in the right reservoir, where
the less dense water intruded against the free surface. The
greatest asymmetry occurred for the short constriction of
smallest width (b, = 20 mm), where mixing in the left
reservoir is about 60% of that in the right reservoir. The most
symmetric case is the triangular sloping sill, where nearly the
same amount of mixing occurred in both reservoirs.

[34] The cause of the asymmetry in the distribution of
mixed water for constrictions with no topography is thought
to be bottom friction (occurring in both the constriction and
in the reservoir). Beginning with the short constriction case,
a greater fraction of the turbulent kinetic energy is viscously
dissipated at the base compared to that dissipated at the
surface, leading to a smaller amount of mixing in the left
reservoir than in the right reservoir. This effect will be
greatest for the narrowest constriction, which generates the

9 of 12



C08008

relative amount of mixing

20 mm 60 mm

100 mm long weir sill

Figure 10. The potential energy change owing to mixing
in the left reservoir relative to that in the right reservoir for
six classes of experiment: for the short constriction reported
by Prastowo et al. [2008] with b, = 20 mm, b, = 60 mm
and b, = 100 mm and for the I m long, 60 mm wide
constriction with no topography, the vertical weir, or the
triangular sill. Each case shows the average ratio for all runs
having Re; >4 x 10* carried out in that class.

shallowest bottom current and brings the interfacial turbu-
lence closest to the boundary. Similarly, for constrictions
having the same width but different lengths (compare
“60 mm” and “long” in Figure 10), the longer constriction
gives the greater mixing asymmetry: the greater role of
friction on the mean flow leads to a smaller transport and a
thinner bottom current, hence greater viscous dissipation
and less mixing. Sidewall viscous boundary layers in the
constriction were shown, through runs with differing
Reynolds numbers and constriction widths, to have negli-
gible effects on mixing in the large Reynolds number
regime [Prastowo et al., 2008].

[35] When a sill is introduced into the long constriction
(compare bars “weir” and “sill” with bar “long” in
Figure 10), the data show that mixing in the left reservoir
is increased and we attribute this to stronger turbulence
induced by the dense overflow layer. This increased level of
turbulence opposes the effect of bottom friction. Further-
more, the introduction of a sill produces a region on the right
hand side of the channel, upstream of the sill, where turbu-
lence is weak (see Figure 4). Thus, mixing in the right
reservoir is reduced. Both influences tend to make the
mixing on either side of the sill more symmetric. For the
vertical weir these two influences approximately balance,
perhaps coincidentally, leaving the overall amount of mix-
ing and the bulk mixing efficiency unchanged relative to
that with no bottom topography, as reported above. For the
sloping sill the reduction of mixing on the right hand side
owing to the dam effect is apparently larger than the increase
owing to greater turbulence in the downslope gravity current
(where the effect of bottom friction will come into play).
The net result in this case is that the final change in
potential energy owing to mixing is similar in both reservoirs
while the overall amount of mixing is smaller than for the
constrictions with no sill or the weir.
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[36] The experiment design reported here leads to a mea-
sure of the cumulative amount of mixing. Only irreversible
mixing is taken into account. The emphasis is on the whole of
the exchange process, rather than on a specific mixing
mechanism, and the mean flows are in all cases hydraulically
controlled. Mechanisms that play a role in mixing in these
exchange flows are (1) shear instability, leading to growth
and collapse of Kelvin-Helmholtz billows, within the con-
striction, (2) stationary hydraulic jumps at the exits from the
constriction, (3) Kelvin-Helmholtz billows on the interface,
and lobe and cleft instabilities on the rigid base, at the head
of the gravity currents as they propagate across each
reservoir, (4) overturning during the reflections of these
gravity currents at the end walls of the channel and in
subsequent reflections of internal waves at the barrier and
end walls, and (5) subsequent very small mixing events due
to wave-mean shear or wave-wave interactions in the interior
of the stratified reservoirs while motions are decaying away.
These processes are all generic to the strait-basin configura-
tion and will be present in geophysical exchange flows (with
the possible exception of gravity current heads and their
interaction with the end wall, the heads being absent in the
special case of steady long-lived exchange flows). On the
other hand, our qualitative observations indicate that most
of the above mechanisms contributed little to the net amount
of mixing. The most intense mixing took place within the
constriction and at the exits, and the mixed (or stirred) water
was advected away into the reservoirs.

[37] Although it is not possible to measure the separate
contributions to mixing of the various processes in the
exchange flows, we use a scaling analysis to estimate
the contribution of the gravity current heads. The flow in the
constriction releases available potential energy at the rate
Pg ~ gM.H. Propagation of the gravity currents releases
available potential energy at the rate P ~ gM.d, d is the
height of the currents. Thus Ps/Ps ~ d/H < 1/6 for the
experiments reported here. In other experiments with no
constriction we have found that the gravity current exchange
gives a mixing efficiency of 75 ~ 0.06, and a similar value
was found in numerical experiments [Ozgokmen et al., 2009],
although the mixing in this type of flow is again dominated
by billows in the central region of the channel at early stages
of the exchange. Because the corresponding rates of mixing
are mg = Pgn and mg = Pgng, we find mg/mg < 0.1. This
result is consistent with previous conclusions that there is
negligible dissipation of energy from the mean flow in
gravity currents [Shin et al., 2004]. It also implies that, if
the gravity current mixing were absent, we would find n <
0.12 for the exchange flow, no more than 10% larger than the
measured overall value.

[38] The laboratory results clearly reach an asymptotic
value at the larger Reynolds numbers achieved. Hence the
results should be applicable to oceanic exchanges having
much greater Reynolds numbers. As the experiment design
yields the net result of the sustained shear and turbulent
mixing, the cumulative efficiency is also likely to be relevant
to a broader range of two-layer stratified shear flows, where
Kelvin-Helmholtz billows are the dominant mechanism
causing mixing. The mixing efficiency found here may
provide a better description of the time- and space-averaged
mixing relevant to the large-scale ocean dynamics. If the
ocean-wide average of mixing efficiency is 10% (just half of
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that which is commonly assumed), then a revision of the
ocean energy budget is necessary; in particular one must
question whether the power required to sustain a steady
circulation of the type proposed by Munk and Wunsch
[1998] is available. On the other hand, it has been argued
[Hughes and Griffiths, 2006] that entrainment into the
sinking regions of the overturning circulation (turbulent
slope currents) has global effects that reduce, by a factor of
between three and ten, the Munk and Wunsch [1998] estimate
for the total amount of mixing required to maintain the
observed overturning. These two results together potentially
allow a smaller reduction (by a factor of between 1.5 and 5)
in the required energy input. However, the real point is that
the energy budget is not well constrained because the
conversion rate of kinetic to available potential energy is
uncertain. The mixing efficiency given by the present exper-
iments is remarkably insensitive to conditions, and its inte-
grative nature lends greater reliability. However, mixing
efficiency is not likely to take one universal value and more
work is required.

[39] The more detailed examination of potential energy
changes in each reservoir reveal additional information about
the dependence of mixing on geometry and topography that
may be relevant to ocean exchange flows. In particular, the
presence of a sill tends to decrease the energy that goes into
mixing the density field in the dense reservoir side of the
sill. There is not a matching increase in mixing in the
downslope current produced by the dense overflow, where
bottom friction causes greater dissipation. Therefore the
overall amount of mixing is smaller for a sill with sloping
sides than for any of the other cases considered.

7. Conclusions

[40] The cumulative amount of mixing in hydraulically
controlled exchange flows can be measured accurately from
density profiles after a finite period of flow. The amount of
mixing, specified as a mixing efficiency, is remarkably
insensitive to the geometry of the constriction and bottom
topography. It is dependent on the Reynolds number based
on the horizontal length scale characterizing the flow
acceleration, up to a well-defined transition beyond which
the efficiency attains a constant value. We find a cumulative
efficiency n = 0.11 (+0.01) at Reynolds number, Re; >
5 x 10* This result is consistent with the predicted upper
bound on the mixing efficiency of 17 = 0.125 obtained from
a simple scaling analysis of Prastowo et al. [2008]. The
results indicate that, if there is any dependence of the mixing
on the shape of the topography, then only smaller values of
the efficiency are possible. The smallest cumulative mixing
efficiency found at large Reynolds numbers, 1 = 0.08, was
for the case of a sill that produced a dense overflow down a
gentle slope.

[41] These measured mixing efficiencies are similar to a
theoretical value n = 0.11 found by Arneborg [2002], who
considered the net result of a localized turbulent mixing
event with a maximum efficiency of 0.2 followed by the
subsequent spreading of the mixed patch. However, our
results are smaller than the equivalent cumulative efficiency
n = 0.15 found in computational modeling of a single
Kelvin-Helmholtz billow [Caulfield and Peltier, 2000;
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Peltier and Caulfield, 2003], and smaller than the maximum
mixing efficiency of 17 ~ 0.2 measured in a range of other
experiments [Rohr et al., 1984; Ivey and Imberger, 1991,
Monti et al., 2007] and often assumed in discussions of
global ocean energy balances [Webb and Suginohara, 2001;
Wunsch and Ferrari, 2004].

[42] We have considered only the case of sills with
heights one half of the full depth of the basin. Further work
might examine the case of a broad sill with no lateral
constriction, and whether the mixing behavior for a sloping
sill varies with sill height, especially when the height is
greater than H/2, which reduces the depth of the exchange
flow and increases the height of fall for the dense overflow.
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